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1. INTRODUCTION

Schoenberg [20] introduced a spline approximation method of the form
Sf(x) = 2 (&) $x) where ¢(x) are certain spline functions. This method
was further studied by Marsden and Schoenberg [16] and Marsden [14, 15],
where uniform convergence theorems, order of convergence estimates,
variation diminishing properties, and other results analogous to those for
Bernstein polynomials are obtained. Marsden [14] and independently
Karon [11] and Karlin and Karon [10] generalize these ideas to produce
Tchebycheffian spline approximation methods. Scherer [18] exploited the
approximation properties of these operators to obtain direct and inverse
theorems as well as saturation results for spline approximation. Using a
certain modification of Sf he also obtained in [19] similar results for L, ,
1 <p <o

The purpose of this paper is to construct some multidimensional spline
approximation methods based on the one-dimensional operator S. We
construct these in two ways: by forming certain tensor products and by
mimicking the methods in [6-8] for obtaining spline blended interpolation
schemes.

We study questions of convergence for continuous and for L, functions,
rates of convergence for classes of smooth functions, and convergence of
derivatives. In a later paper we shall discuss Jackson- and Bernstein-type
theorems for these operators as well as analogs for the multidimensional
case of the direct, inverse, and saturation theorems of Scherer.
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2. SCHOENBERG’S APPROXIMATION METHOD
We review Schoenberg’s approximation method for functions of one real

variable (see [14, 16, 20]). Let m, n be integers with m > 2, n > 1, and let
A ={xy, X1 sy Xny1), Where a = x, <x; <+ < X,,,=b. Let x_, =

Xiem='""=Xo=a and b = x,,; = " = Xpis1. FOr i = —m,...,n we
define

sz(x) = (Xppmar — X5} MulX5 Xs 5eess Xigmi1ls 2.1
where

My(x, y) = (y — )}

and M[x; x; ,..., X;1ms1] denotes the (m + 1)*¢ divided difference of the

function M,, with respect to the variable y over the points x;,..., X; m1 -

The ¢,(x) are normalized B-splines of degree m with knots at the {x,}3*.
For j = —m,..., n set

g = YT X Xi b Xy (2.2)

m m—+1 ’

gZ) . Xj+1 X542 + o + Xjem—1X5+m (2 3)

- ()

It is shown in [9, 14, 16] that fora < x < b

Y dix) =1, (2.4)
Y £, = x, (2.5)
S 94,00 = 2, (2.6)
fb $i(x) dx = (x”’;;”—gx’) ,  J= —m..,n, 2.7
and
fb | g0 dx < (ii;%_l") j=—m..,n, (2.8)

whenever 1 << p < o0,
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From the definition (2.2) it is clear that a = £_,, < - < &, = b. Given
f defined on [a, b], Schoenberg’s approximation method is

Sm,a f(x) = 3 f(£)) $i(x). 2.9)
We summarize some of the properties we need (see [14-16, 20]).
LemMa 2.1. Let S,, 4 be defined as in (2.9). Then

S, atho(X) = e(X), S, a1 (%) = uy(x), (2.10)

where uy(t) = 1, u3(¢) = ¢,

Swaf =0 if f))>0 onla b (211)
0 < S, aus(x) — u(x) < h¥(m, 4), (2.12)
where u(f) = 1%,
h(m, 4) = min 5’\7— , ((m + D)/12)24 |, 2.13)
and 4 = maxyc;<n, (X1 — X;);
1f = Smaflo—0  iff Am—0; (2.14)
1f = Smafle < (L (n + DADP (£ D), (@19)
and
1 = Smafle < (1 4+ Zom2) 0 (£ i), (2.16)

where w(f; t) is the modulus of continuity of f;
if feCla,b], dim—0, then |(Spm.of —f) llo—0. (2.17)

We also have the following additional (new) properties.

LEmMA 2.2. Let S,, 4 be defined as in (2.9). Then if f€ C[a, b],

I Sm,af = Flla <2 ( m;; I )1/2 (1+ ('”1”; ! )1/2) Jo(f34) (2.18)

and

1Snaf =l <2 (521 + ) o (fimm) @19)
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Moreover, if fe C?a, b], then

al

| Sl =/l < 200 e (S5 42 (2.20)

and
| Sm.af — fle << (b — @[ f" llo/m. (2.21)

Proof. 1t is shown in [3] (see also [5, 17]) that if L, is a sequence of
positive linear operators which reproduce linear functions, and if f'e C[a, 5],
then

H L'mf‘fll.oo g 2,U*mw(f/; I‘/m)a

where
pm = || L(t — x)° 5%

and that if f'e C?[q, b], then
| Lo — fllo < 21" oo po™

For L,, = S,., 4, we have by (2.12) that u,, << h(m, 4), where h is defined in
(2.13), and the results follow.

For approximation of functions fe L, {a, b] it is useful to introduce the
operator

n L
Smaft) = ¥ 400 [ L0 (2.22)

(see [19]).

3. MULTIVARIATE APPROXIMATION METHODS

In this section we define some multivariate spline approximation methods
based on the operators S,, » and S,, , defined in Section 2. It is convenient
to consider only the case of two variables. We construct methods which lead
to tensor product splines and certain spline blended functions (for the use
of tensor product splines in multivariate interpolation see [1, 4]; spline
blended interpolating functions were considered by Gordon [6-8]).

Let I' =[a,b], I" = [c,d], and R =1 x I". Let my, my > 2 be integers,
and suppose 4, = {x; )i, 4, — { y,}2:*! are partitions of I and I” satisfying

a=x <% < <Xpqy=25b
3.1
c=Yo <y <" < Ypy1=4d.
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We define {£}", m, and {5(2)} m, @ 1 (2.2-3) and the functions {: (x)} L
as in (2.1). We denote by &, 4 the space spanned by the ¢,. Let {nj}_m R
{n ;2)} {t/zg( y)}“m2 , and S’j,, .4, be defined analogously for the partmon
4,. Let {'y]} m, be the analog of the {’s for 4,

We consider the following approximation methods for functions f defined
on R:

St @ Smpaf = 5 5 Ee s 1) i) i), 3.2)

—my My

Civ1 pYis1
wow SB[ [ w0 dudo

Sy, 2y @ Smg.a,f = _%:1 _Zmz (Lo — L)Y — ¥2) ’

(3.3)

Sml,dl @ Sm2,42f Z f(fz » y) ¢ (.X) + Z f(x 7]]) l/}](y) ml 4; ®Sm2 Azf;

s o (3.4)
and

Smpdl. ®§m2-42f_ Z ¢’(x)f f(u y) du + i sbj(y)f ({’ffl, U—)"f’lj)

— Sy t; ® Sy a,f- (3.5)

Whenever there is no possibility of ambiguity, we shall write subscripts
1 and 2 in place of m,, 4, and m,, 4, in (3.2-5); e.g., we write
Sl ®S2 m 4y ®Sm 4,

The operators (3.2- 3) map C[R] into the subspace of tensor product
splines

Ity @ Fmpa, = A€ C™~tm=D(R]: in each rectangle [x; , x;,4]%
[y3, Pyl fH10 = fOmard — o,
i = 03 1:"-’ n 9j = 0, 1,..., nz}.

The operators (3.4-5) map C[R] into the subspace of spline blended
functions

Ity © g2, = SPA(F a0, ® CU'D U (F,,,4, @ CII'D}

We emphasize that none of the operators (3.2-5) are projections.
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Finally, we note

S @S = 3 SLAE. N ) = 3 Sl S m)I®) di(3). (3.6)

—ny —htg

THEOREM 3.1. The operators defined in (3.2-5) are linear. Moreover,

S, ®S,g=g forall g(x,y)= o+ px+yy+dxy (3.7)
$1DS.g =g  foralg(x,y) = « -+ xhy(y) + yhy(x),  hy, by arbitrary
(3.8)

the operators (3.2), (3.3) are positive. (3.9

4. APPROXIMATION OF CONTINUOUS FUNCTIONS

In this section we discuss the behavior of the operators (3.2), (3.4) for
functions f'€ C[R] as m, , m, , 4, , 4, range over a sequence of values (usually
the degrees m; or m, —> oo and/or the partitions 4, , 4, are refined). We shall
obtain rates of convergence for smooth functions as well as basic convergence
results.

We discuss first the convergence question for the tensor spline method
(3.2). We base our results on the fact that (by the triangle inequality)

33 U 1) — 16 1 609 90)

"ml —my

”SI @Szf_f” =

<3 3 Ut m) — 7l 469 o)
S 3 1o m) — £ M) )]
S0, &) — £ P+ 11Se flx, W) — f(x, Dl

4.1
(See also Schultz [21]).
We need the following multivariate version of a theorem of Bohman [2].

Lemma 4.1. Suppose L, ., , 11,1y = 1, 2,... is a sequence of operators of
the form

Lnl.n2f(xa y) = i 22 f(gi,nl s ’Y):i,nz) ¢i,i-"1.’n2(‘x, y)a (4'2)

"1711 —m 2
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where @, ;. (X, y) are any functions defined on R and
a = g—«ml,nl < < fnl,nl =b
C = Yopymy < 77 < Nng,mg = d.
Then
VLp,nf — fllw—0 for every feC[R] as n;,n,— oo (4.3)
implies
max | fiﬂ,nl - gi.nl | —0

4.4
MAX | s, — Wiy | > 0. “4)

Our main convergence result for tensor splines is

THEOREM 4.2. Suppose my , my, 4y, A, range over a sequence of values.
Then

181 ®Sof — fllo—0  forall feClR] (4.5)
w _ _
4,/m; -0 and  A,/my— 0.
Proof. The sufficiency follows from (4.1) and (2.14). The necessity is a
consequence of Lemma 4.1 and the fact that

Al (¥i1 — X2) (xz‘+m1 — X;)
max ———— < max ————

s : . : " = max(§; — £i-y),
m—z < max(ns — 1;-1)-
For the blending spline functions we have

THEOREM 4.3. Suppose my , m,, 4, , A, range over a sequence of values
such that 4,/m; —> 0 or d,jm, — 0. Then

181 @ Sef — flw—>0  forall feCIR]. (4.6)
Proof. We have

S @SS — N ) =3 S@LAE ) — F(x, 9]

—my

+ 3 4 [ m) = S 1 m) 0]

—my —my

= Ri(x, p) = (SeRilx, N(y), (4.7)
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where

R ) = 3 $fE 1) — f(r )] = (Suf (o ) — £, ).

-ml

Now

max, | Ri(x, y) — (SpRalx, N(y)] == max [ Ry(x*, y) — S;Ry(x™, )(»)]
for some x* € [a, b]. Applying (2.14) shows that 4,/m, — 0 is sufficient for
(4.6). The sufficiently of 4,/m; follows in a similar way.

More precise estimates of the rates of convergence of the operators (3.2)
and (3.4) can be obtained in terms of the smoothness of f. For fe C[R] we
define (see, e.g., [13])

(fs by, hy) = max | f(xy, y2) — fxr, y)l. (4.8)

| xg==2xy | Sy
1 ¥o—yql <hy
(x),71): (x5, ¥3)ER

THEOREM 4.4. Let f€ C[R]. Then we have
181 ®Sof ~ flle
< (14 (B e 4, 0+ (1+ (P2 D) ) wn 0, 4, @9)

181 & Sof — fllw
(1 + 21/2a) « (f’ #’ 0) + (1 + 21/z ) (fa Y] ), (4.10)

2

181 @ Sef — [l
om0+ (2 2]
(4.11)
1Sy @ Seof — flls
<2min (1 2557 o (1 m;/z 0). {1+ S w (A0 ;’2 )]
@.12)

Proof. Applying (2.15) to (4.1) yields (4.9) while (2.16) leads to (4.10).
To prove (4.11), we use (4.7) and (2.15). This yields

152 @ 8af — fllo < sup (1 (725 iRy, : )
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But

sup w(Ry(x, °); Zz) =sup sup | Ry(x, yo) — Ri(x, y)| < 20(f; 0, 4,).

X |yy-n <4,
Similarly, (4.12) follows from (2.16).

Using (2.18-19) we may prove in a similar way

THEOREM 4.5. Let f19 {01 e C[R]. Then

18, @ Sf — A1 <2 (PN (104 (P B £0; 4, 0)

+2 (P NP1 g (P2 DY) A 1000, 2
@.13)

181 ©S:f = flle <2 (i) (1 + S @ (7% 1 0)

+2 ( (Zm )16;2 )(1 + d2T/2€ ) (f(o %0, m1/2 )
(4.14)

15, @ Suf — flle < 4 min [(Z2) (1 (P Zar. 4, 0),

(mzl—zi— 1)1/2(1 + (mz -+ 1)1/2) Z2w(f(o.l); 0, Zfz)],

(4.15)

15, @ S.f ~ £l < 4 min [(-385)(1 + 5 )w(f‘1'°’;7;ﬁ—,o),

((glm—)lc/2 )(1 T d21/2 ) (f(o 0, 1/2 )]

Similarly, (2.20-21) leads to

(4.16)

THEOREM 4.6. Let f‘%-9, f0» e C[R]. Then

15 ®Sof = fllo < 2117, (P2 1) 22 4 20702y, (P2 E2) A,

1S ® Sof — fllo < (b — @)l f @0 |lufrmy + (d — )2 fO? |lofmy, (4.18)

640/10/1-3
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1S @ Ssf — fll-. <= 4 min (;;‘f(z‘") o (ml t+ 1) 4z, i:f(o"l’ i ('”2 r 1) Agz)’

12 [2
(4.19)
18y @ Sof — e < 2minfth — @[ f@ Lfmy . (d — ) 1 f ).
(4.20)

In the following theorem we obtain an estimate for S; @ S,f — fin terms
of the measure of smoothness

'}’(f: /11 ’ /ZZ) = | x. E:EP—(//I jf(x‘l > .V:Z) j“ f(xl s }’1) - f(xz 3 yl) - f(xl ] }’2)l,
Iyz—.vi! (\;h;
(x1+71) (X2, 7,)ER (4.21)

defined for e C[R], (cf. (4.8)).

THEOREM 4.7. Let fe C[R]. Then

180 @ Sof — 71 < (U0 (P )0+ (2 s a0, 4y @)

18, ® Sof — £ < (1 +’iz{,2—“)(1 + dzf,f)y(f; L L ). @423

12 ° 72
my m}
Proof. We have

p =118 ®Sof [l

—my —m,

n; My

<Y Y vl x — & 1887 [y — ] 8857 @ilx) i »),

—hy —My

where 8, , 6, > 0 are any constants. By the triangle inequality,

p <SS (80, 81 £ 57 [ x — & DA+ 851y — 15 ) @) o 3)

(8, 887 [ x— &l ) -8 S 15—yl ().

—my —mz

But the Hlder inequality implies ZE,,I [ x — & | @ix) < h(my , 4y) (cf. [15)).
A similar estimate holds for the other sum. Choosing 8, = 4, , 8, — 4,
leads to (4.22), while 8, = 1/m}’?, 8§, = 1/m}/® results in (4.23).
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5. APPROXIMATION OF L, FUNCTIONS

In this section we discuss the behavior of the operators (3.3), (3.5) for
functions fe L [R], 1 < p < oo, as the degrees m, , n, and the partitions
4, , 4, take on a sequence of values.

We discuss first the tensor spline operator (3.3).

THEOREM 5.1.  Let fe L,[R]. Suppose my, my, 4y, 4, range over a
sequence of values such that 4,/m, — 0, Ay/my — 0. Then

I §1 ® Szf“f“p — 0. 5.1

Proof. We use the Banach-Steinhaus theorem and the fact that C[R] is
dense in L,[R]. First we prove that S; ® S, are uniformly bounded (w.r.t.
my , my, 4, , 4,) as operators from L,[R] into itself. Since §; ® S,f = $5,S,f
if suffices to show that the operators

] v ) du
Sy flx, ) = ”‘él ¢i(x) J(—Zz:—Tz)“ (5.2)
and
s :_m f(x, v)dv
S, flx, y) = —Zmz $i(») —m (5.3)

are uniformly bounded from L,[R] into itself. We concentrate on (5.2).
Let

Ax .
K(x, u) = Z‘_%L__)T_‘, L <<u <y, L= —My,.,m.

It is easily seen that

Sy fx, ) = [ KCe, ) flu, )

Applying the Holder inequality yields

180 <[ [[] Koo w1 g i du] [ Kex,w aa]

k4
But

3

b ny . i
sup f K(x, u) du < sup Y $u(x) du < 1

* —my Ci+1 - Z1 [
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while

b ~d b b
[ KCw  fw, vy duds dy < sup | Kix, ) dx [ 1
a 13 a " [23

and

o + D(Xiem — X
sup [ K0 e sup [ B0 e s Pttt

P+ Dirmens — X0

Similarly, we have || S,f1l, <| fil,-
To complete the proof of Theorem 5.1, we show that (5.1) holds for
fe C[R]. We have

18, ®Sef — fls
- | L $:(x) P, (¥)
I/ =5 @%b+ X X "t =)

! ~—1n —m

Ly p¥in )
x J‘c’ f [AL:, vi) — f(u, v)] du dv ‘Up

v

SO —ap?|f = 51 @ Sefllo 4 @(f; max(lia — &), max(ys — v5))-

Now ({41 — L) < (&1 — &:—y) which goes to zero by Lemma 4.1.
By Theorem 4.2, the properties of modulus of continuity, and the hypoth-
eses, all of these terms go to zero, and the theorem is proved.

THEOREM 5.2. Ler f€ L,[R]. Suppose my, m,, 4, 4, range over a
sequence of values such that 4, m; — 0 or 4, my — 0. Then

Il Sl ® S2f*pr — 0. (5.9

Proof. Clearly S, ® S, =S5, + 8, — 8, ® S, are uniformly bounded
operators from LP[R], (see the proof of Theorem 5.1). To complete the proof,
we show (5.4) holds for fe C{R]. In analogy with (4.7) we have

(51 ® Sof — Nx, ») = Rix, ) — (S:Ralx, () (5.5)

where
Ry(x,y) = (51 (, p)x) — f(x, »). (5.6)
Then

18, ®8of — 112 <1 Rate ) — (SeRalx, DN,
< (b= aysup [ | Ryx, 3) — S,R(x, N dy

= [T1RG% ) = SRG YN e — )
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for some x* € [a, b]. The theorem follows from the fact that for any g € L, [I"],

| S,g — g5 — 0 provided 4,/m,~— 0. (The proof of this proceeds exactly
as in the multidimensional Theorem 5.1.)

6. CONVERGENCE OF DERIVATIVES

To discuss the derivatives of the splines (3.2-3) we need further notation.
Let 4, = {x,, X3 »..., Xq,+1} be a partition of [a, b] satisfying

Xemy, = " = Xpg =4 < Xy < < Xy < b= Xnya = 70 = Xppmy4r -

Then we define fori=1—m,,..., g

‘ﬁi—(x) = (xi+m1 — X;) Mm1—1[X; Xigeees xi+m1]; 6.1)
o (g Xiymyn)
£ — T . (6.2)
Similarly we define for i = 2 — m, ,..., n;
qsi:(x) - (xi+m1——1 - x‘i) Mml—‘.’.[X; KX g0 xi+m1—-l], (63)
Xigp 1 0 Xipmy—
fia:( +1 + 12)‘ (6.4)

m; —2

We note that &, <& <& and &, <&~ < §&. The ¢,~ and ¢;= are
B-splines of degree m; — 1 and m; — 2, respectively. Corresponding to
a partition 4, of [c, d] we define ;,(»), ¥;=(»), n;,~ and 7,~ analogously.
Then for example, S 1.4, is the operator

Smtag() = 3 $(x) ).

1-my

We discuss the case of the partial derivative with respect to x.

LemMa 6.1. Let f19 € C[R]. Then

[Suny.ty ® S /120, ) =1§ L “"’Z’g:gﬁ‘;l”“’] B ().
L (6.5)

Moreover, there exists a function r(x, y) € C[R] such that

max | r(x, y)| < o f*% max(€r, — €9, 0) (6.6)
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and
[Sml.Al ® Snzg,zlzf‘](l,())(’-\'s ,V) - Sml»—l,dl @ sz,/_lz[f(l,m B

-

Flix, ). (6.7)

Proaf. To obtain (6.5) we apply Lemma | of [[4] to the expression (3.6).
By the mean value theorem

f(§1 » 773') _ f(giﬁl s 771')

= f“’O)(gz’ > 7]1‘),

(& — &0
where ¢,_, << & < & . Thus (6.7) holds with
r(€m ) = FOOE;, my) — fROET, 7). (6.8)

Clearly we can choose r(x, y) € C[R] satisfying (6.8) such that (6.6) holds.

THEOREM 6.2. Let {2 € C[R). Suppose m;, my, 4y, 4, range over a
sequence of values such that 4,/m — 0 and Ayjmy —> 0. Then

HSmt, @ Spanf = 17 o 0. (6.9)
Proof. By (6.7)
| Sty ® Smpanf = F1%0 N = 1 Syt @ S 40— £ U
F 1 Si-1,8, & Spg, a7 lleo - (6.10)
The first term goes to zero by Theorem 4.2. For the second term we have
1Sty @ Sl o il 7 o < (S0 max(€ry — £),0). (6.11)

Since the hypotheses of this theorem imply Sy, S, 2, £ converges
uniformly to f, Lemma 4.1 implies max(¢,,; — £;)— 0, and the proof is
complete.

We can also give a rate of convergence result for the derivative,

THEOREM 6.3. Let f19 e C[R}). Then

1Sy @ S — 1199 1 < (2 + (ZFL ) a0 4, 0)

(1 (22 i, 0, 2.
(6.12)
Progf. We combine (6.10), (6.11) and Theorem 4.4, noticing that
max; (§;, — &) < 4.



SOME MULTIDIMENSIONAL SPLINE APPROXIMATION METHODS 37

The analogs of Theorem 6.2, 6.3 hold also for the (0, 1)-derivative if
[V e C[R]. We now consider second derivatives.

LemMa 6.4, Let f29 e C[R]. Then

n1

5, © 5 /1% ) = 3 3 V2SE 7 () (),

21y —Nily

= 5 5 0w g g

2—my —my 2(51 (6. 13)
where
fCEismi) — f(€iy s my) _ fCia, 1) — f(€ia s my)
LT — 0 E— T 2 T—

and ¢, < & < &;.

Proof. We apply Lemma 2 of [14, p. 35] to (3.6).
To prove a convergence result, we need a multivariate version of another
result of Bohman [2], which we state without proof.

LemmA 6.5. Suppose Ly n, > 1,0y = 1, 2,... is a sequence of operators
of the form (4.6) with @, ; ., »(x,y) = 0, and suppose (4.3) holds. Then given
any 6,,0, >0

(pi,j,nl,ng(x9 y) —1 (614)

ifi,nl—f”|<51 ["’j,nz“yl<§2

and
Y P 3) >0 (6.15)

|5i,n1—x|>51 i"],nz‘y[>62
uniformly in (x, y) € R as n; , 0y — 0.
THEOREM 6.6. Let f*9 e C[R]. Let m,, m, be fixed and suppose

(b — a)i yutt
(1 + 1) )iy

(=)
(I’l 1) =0 ’

Suppose ny , n, — ©. Then for any compact subset K contained in the interior
of R,

4, = x;,=a—+ and 4, = }y; = ¢+ ——2%

I ISy, t; @ Sy, — 129 |Ix—> 0

where || - || ¢ denotes the uniform norm on K.
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Proof. By Lemma 6.4

Exx,¥) &[S, ® S, f — f1%Y

= 3 % ) B E L 1) B — 150, ), (6.16)
2—my —mg
where B; = (§; — £,5)/2(&;, — &7.1). Let R be a rectangle such that
K C RCinterior (R). Given ¢ > 0 we show that there exists N;, N, such
that | Ex(x, y)| << (my || f@9 |, + Defor (x,y)e Rifn, > N,,i=1,2.

We collect some facts. Since ny,n, — oo the splines S, 5,4 ® Sw, 4,/
converge for every fe C[R]. Thus by Lemma 4.1, ¢~ — &, —0 and
n; — ;1 — 0 as ny , n, — . Moreover, by Lemma 6.5, given 8, , 8, > 0
there exist N; , N, such that n; > N;, i = 1, 2, implies

> Y ) () <e

[6:=—%| 28 |n3—¥[>28,

Fori=1,2,.,n —m,B;=1. Also B; <m; — 1.
We split the sum in (6.16) into two parts. First

)

|2—8;71281 [y—n;12%,

<my I, e

Also if n, is sufficiently large

)

|2—&gT <8y |y—nz|<8y

<o (%9 max | x — £, 0).

Now max; | x — & | < 2/n, + 8,. Thus we may choose 8, , 8, sufficiently
small (and N, , N, sufficiently large) so that

| Ey(x, )| << (my || f9 [l + De.

As in the one dimensional case (see [14, p. 36]), S; ® S,f*9 does not
converge uniformly to f*® on all of R. Similar results hold for the (0, 2)
and (1, 1) derivatives. Finally, we state without proof parallel results for
the operator S; @ S, .

THEOREM 6.7. Suppose f° € C[R] and that m, , my, 4, , 4, range over
a sequence of values such that 4,/m, — 0 or Ay/my — 0. Then

(81 @ Sof — Y10 |le — 0.

THEOREM 6.8. Theorem 6.6 holds for S, @ S, with either ny— o0 or
1y —> 00.
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7. REMARKS

1. Schoenberg’s approximation method (2.9) reduces to the mth degree
Bernstein polynomial in case n = 0. Similarly, we can also define the operator
(3.2) for n; = n, = 0 and it will coincide with the (m, , m,)-degree two-
dimensional Bernstein polynomial (see [12, 21]). The operator (3.2) can also
be defined for m; = m, = 1, but it reduces to the bilinear interpolating
spline so we have excluded this case.

2. The ¢ix) and $(y) in the operators (3.2-5) can be replaced by
Tchebycheffian B-splines as in [10, 11, 14]. Many of our results hold for the
resulting T-spline operators.

3. Throughout this paper we have assumed that the points in the partitions
4, , 4, were distinct. This can be replaced by the requirement that at most
my x’s coalesce in 4; or m, X’s in 4, without difficulty. As in [10, 11, 14]
the splines ¢, and ¢; then have multiple knots.

4. As in the one dimensional case, it may be desirable to specify the
nodes {Ei}f‘ml and {nj}ﬁinz rather than the partitions 4, , 4, . The question of
when specified nodes can be achieved by admissible collections of knots
reduces to the one-dimensional case studied in [10, 11, 14].

5. For ease of exposition we have concentrated on the case of two dimen-
sions. Analogous multivariate approximation methods can also be defined
for an arbitrary dimension d, and our results extend easily. For d > 2 it
is possible to construct a variety of other operators intermediate between
the tensor product S; & S, (which is an analog of the minimal approximation
methods) and the d-dimensional version of the Boolean sum S; @ S, (which
is an analog of the maximal approximation methods) [6-8].

6. Theorem 4.2 can also be based on a multidimensional version of
Volkov’s Theorem [22] and the fact that | S; ® S,[22 + s%](x, y) — x2 — 32| <
h*(my , Al) + hi(my , 4,).

7. Theorem 4.7 was suggested by the referee.
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